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Calibration and Use of Electrostatic Probes
for Hypersonic Wake Studies
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An experimental shock-tube program was undertaken in order to calibrate spherical and
cylindrical electrostatic probes that may be used to make point ion density measurements in

continuum flowing plasmas.

measured probe current was obtained in terms of appropriate similarity parameters:

The empirically derived formula that relates ion density to

the

Nusselt number for mass transfer of positive ions, dimensionless probe potential, ratio of

Debye length to probe radius, and low Reynolds number.

The empirical correlation was used

to interpret ion currents collected by a radial array of negatively biased spherical probes, which
were positioned so as to intercept the ionized wake of a hypervelocity model in a ballistics

range.

Integrated ion densities were found to be in good accord with integrated electron

densities which were simultaneously measured using microwave methods.

1. Introduction

T has long been recognized that our understanding of the
structure and radar-scattering characteristics of the wakes

of hypervelocity projectiles might be significantly advanced
if time-resolved point measurements of electron density were
available in the wakes. Although ballistics ranges do provide
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an appropriate laboratory environment for making such mea-
surements, and indeed reliable measurements of average elec-
tron density as a function of distance behind the projectile
have been obtained,'? attempts at measuring local electron
density with electrostatic probes have so far been hampered
by difficulties with the interpretation of the probe signal.®4
In a recent paper, Sutton® proposed a ballistics range ex-
periment that might allow such measurements to be per-
formed with eylindrical collision-free Langmuir probes, held
in tension so as to avoid the problem of probe bending. To
operate the probe in the collision-free regime, and at the same
time have a turbulent wake, requires relatively large ballistics
models and low environmental pressures. (Sutton’s caleula-
tions were based on the theoretically computed wake condi-
tions behind a 6.8 cm diam sphere traveling at 4.72 km sec™!
in an ambient pressure of 10 torr.) Unfortunately, the bal-
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listics range experiments carried out to date at the AC-DRL
facility have been conducted with smaller models, typically
spheres that range in diameter from 0.5 em to 2.5 cm, and at
pressures greater than 10 torr.

There are a variety of reasons which lead to the choice of a
particular set of conditions for operation of a ballistics range.
These depend upon the type of measurement that is to be
made; however, one of the most important facts that predi-
cates against large-scale models is the fairly obvious economic
one that the cost of the ballistics range facility and its opera-
tion increase at a greater than linear rate with increasing
model size for a typical re-entry speed of about 6 km sec™.
It seemed reasonable, therefore, to examine the possibility of
using electrostatic probes that can be operated in the con-
tinuum regime, where the mean-free-path is smaller than the
characteristic probe size. The obvious advantage to be
gained by adopting this approach is that one can continue to
use the existing ballistics ranges and their established methods
of operation to investigate wake structure over a considerable
range of body size (over at least a factor of 5 in scale size).

Clearly, the crucial problem in using continuum electro-
static probes in the range environment is the method of inter-
preting the probe current measurements. Although a num-
ber of theoretical treatments of probe response in continuum
flowing plasmas are available (e.g., Lam,® Hoult,” Sonin ® and
Su,? to mention only a few representative works), the com-
plexity of the situation is such that each analysis is addressed
to specific limiting conditions of flow, probe geometry, etc.,
and a unified theory spanning the wide range of conditions
encountered in a ballistics range is not at present available.
Consider, for example, a probe about one millimeter in di-
ameter under typical range conditions.? Except in the very
near wake (less than about a hundred body diameters down-
stream of the projectile), the flow in the wake is subsonic,!®
and the primary parameters governing the probe response
are expected to be the local Reynolds number based on probe
diameter Re, the ratio of Debye length to probe radius \p/7,
and the dimensionless probe potential ¢ = eV/ET. Asthe
probe passes from the near to the far wake, the Reynolds
number ranges from about 200 to 4, and the Debye length
ratio from about 1072 to 1, as illustrated in Fig. 1. The avail-
able theories, on the other hand, are tailored largely for the
limiting conditions of either very small or very large Ap/r and
Re, as indicated in the figure. (Note that the situation in
Fig. 1 is somewhat oversimplified, since the third coordinate
of the similarity parameter space ¢ has been omitted.) An-
other deficieney in the available theories is their inability to
deal with charged-particle collection by the downstream side
of the probe, where flow separation occurs; and in a tur-
bulent wake it is generally impractical to use probes with col-
lecting surfaces always oriented into the flow.
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It is apparent, therefore, that an experimental calibration
of probes is required in flow conditions simulating those of the
ballistics range. Such a calibration, and its application in an
investigation of hypersonic wakes, is presented in this paper.
The probe calibration experiments were carried out using a
shock tube where the variation of the electron density behind
the primary shock could be measured using a focused micro-
wave interferometer.!' Most experiments reported here were
done with spherical probes so as to eliminate the influence of
flow direction on probe response. (A ecalibration of eylin-
drical probes is reported briefly in the Appendix.) Only ion
collection at negative probe potentials was considered, since
electron-collecting probes of the size employed in these experi-
ments were found to draw excessive currents and cause local
depletion of the plasma. The range of the probe Reynolds
number and the ratio of the Debye length to probe radius
covered in this calibration is illustrated in Fig. 1.

The probe calibration part of the experiment is discussed in
See. 2, and its application to measuring mean ion density
profiles in the wakes of hypervelocity projectiles is demon-
strated in See. 3. Although such probes may also be
capable of providing quantitative information on the fluctuat-
ing components of the ion density, this paper will limit itself
to a discussion of the mean ion density.

2. The Shock-Tube Calibration—
Spherical Probes

A. Experimental Apparatus

A pressure-driven stainless steel shock tube having an in-
ternal diameter of 15 ¢m was chosen as a means of providing
a flowing plasma whose temperature, pressure, and flow veloc-
ity in the region behind the primary shock could be accurately
calculated from the known initial conditions and measured
shock velocity. The details of construction and method of
operation of the shock tube have been deseribed elsewhere in
the literature!? and will not be repeated here.

The test gas used was argon, to which small amounts of
acetylene and oxygen (19, C.H, and 5%, O,) were added to
produce measureable ionization levels behind the shocks at
relatively low temperatures via the process of chemi-ioniza-
tion. Pressure behind the shock (p») was varied between 5
and 1200 torr. In these calibration experiments it was not
necessary to know the precise reaction kinetics of the chemi-
ionization process, since the temporal variation of electron
density was measured directly, using a microwave inter-
ferometer (see below). However, it is generally believed that
the dominant positive ion persisting after the initial reaction
zone in lean acetylene flame!® and shock-tube studies!? is
H;0*, which is then removed via a dissociative recombination
reaction of the type

H;Ot+ 4 e~ — H;0 + H (or other neutral produects) (1)

Since it was necessary to have some reasonably reliable
estimate of the diffusion coefficients of the charged species for
our method of data reduction, we assumed that H;0+ was
the dominant positive ion in the plasma decay region behind
the shock wave. (Even if other ions such as CHO* made
significant contributions to the total positive ion density, we
do not think that this would constitute a significant error,
since it would enter only through the diffusion coefficient,
which is inversely proportional to the square root of the mass.)
The only negatively charged species present were electrons,
since the temperature range of the present experiments
(2000°-7000°K) was too high to allow any significant con-
centration of molecular negative ions such as O~ and O~ to
be formed.

The experimental arrangement in the test section of the
shock tube is illustrated in Fig. 2. The passage of the pri-
mary shockwave through the test gas produced a region of
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extremely rapid ionization, which was followed by a much
slower decay region. Within these regions the electron
density was measured with a focused microwave probe 1t
and the ion density was monitored with spherical ion probes.

The 70GHz microwave interferometer uses (f/2) dielectric
lenses to focus the energy into the centrally located box-like
section (width 3.8 e¢m), which samples the axis flow in the
shock tube. This achieves high spatial resolution (~1 em),
a plane wave in the focal region,'t and very straightforward
interpretation of the data in terms of electron density. The
electron densities in the tests were in the range of 109 {0 3 X
1011 em~?, and the plasma was therefore always very under-
dense to 70 GHz. The largest value of electron collision fre-
quency measured (for ps =~ 1000 torr and Re =~ 2000 to 8000)
was 2 X 10 sec™. This is still well below the operating fre-
queney (4.4 X 10Mrad/sec™). Since the measured attenua-
tion was always below 5%, the phase change is almost directly
proportional to the electron density.’® Figure 3a shows a
typical oscilloscope signal measured behind an incident shock.

The spherical ion probes (0.76-mm and 3.2-mm diam) were
mounted on an insulated sting (0.5-mm diam) that protruded
about one probe diam in front of the leading edge of a thin
wedge-shaped support. This probe assembly was positioned
a short distance ahead of the microwave box and sufficiently
far off the shock-tube axis that no disturbance from it could
influence the flow within the microwave box. Tigure 3b
shows measured probe currents, displayed on a logarithmic
vertical scale, from two probes biased at —15 v and —30 v;
the displays shown in Figs. 3a and b were obtained behind an
incident shock in the same experimental test. One major
division on the vertical scale of Fig. 3b corresponds to ap-
proximately a factor of 10 in probe current. To obtain the
calibration, the electron density and probe current were mea-
sured at their maximum and about 80 usec behind the shock
arrival, giving two sets of I and n. (and therefore \p) for a
single probe voltage and flow condition. The microwave
trace (Fig. 3a) beyond about 150 usec exhibits a slow increase
in ionization level, which is probably caused by impurity
ionization due to boundary layer heating of the “microwave-
box” and window; this part of the trace is not used.

B. Similarity Parameters and Correlation of Probe Data

In order to calibrate a probe in conditions that do not pre-
cisely duplicate those where it is to be applied, it is necessary
to establish the similarity parameters that govern the probe
response. These can be found formally by dimensionless
analysis. To facilitate this, we make the following observa-
tions about the flow conditions in the present context:

1) The flow about the probes was in or near the continuum
regime in the ballistics range as well as in the shoek tube where
the calibration was performed.

2) Although in the hypersonic wake the flow was turbulent
(unsteady), the flow over the probes was assumed to be quasi-
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Fig. 2 Electrostatic probes and focused microwave inter-
ferometer in shock tube.
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Fig. 3 Response of a) 70GHz microwave interferometer
and b) electrostatic probes, to shock-ionized acetylene-
oxygen and argon mixture,

steady, which would be true if the probe diameter were small
compared with a characteristic turbulent eddy size. Steady
flow was established in the shock tube.

3) The flow over the probes was to a good approximation
chemieally frozen in both test environments. This is almost
certainly true in the ballistics range, where the reaction times
are considerably longer than the characteristic times associ-
ated with the flow about the probes. It was also likely to
hold in the shock tube, where the plasma was created by
chemi-ionization. It has been proposed'?!® that chemi-ions
and electrons are produced in a short reaction zone behind
the primary shock, where there is a large excess of radiecals.
The electron density that results at the completion of the
chemi-ionization reaction is substantially higher than that
due to thermal ionization alone. Subsequently, the charged
particles are removed by dissociative recombination, which in
our shock-tube conditions had a time constant in the neigh-
borhood of 100 usec, a time that is large compared with the
flow time over the probes (<1 usec). This, together with the
fact that significant electron-ion production is unlikely in the
weak shock layer itself (since the radical content of the gas
behind the primary shoek front is low and the temperature
increase is slight), makes the assumption of frozen flow over
the probes plausible.

4) The gas was weakly ionized.

Under such flow conditions, the current I, drawn by a probe
is governed by seven equations: the (frozen) ion and electron
conservation equations; Poisson’s equation; the conserva-
tion equation for mass, momentum, and energy; and the
equations of state for the gas. The solution of these equa-
tions depends on the following physical quantities: r =
probe radius; V = potential of probe with respect to plasma;
vy = flow velocity of gas; p,y = gas density, and kinematic
viscosity (local freestream values); T,T. = gas temperature,
and probe wall temperature; ;7. = ion and electron number
densities in gas (assumed equal); D;,D. = ion and electron
diffusion coefficients; m = molecular weight of gas; k,eo =
Boltzmann’s constant, and permittivity of free space; and e
= electronic charge.

From dimensional analysis we find that eight independent
dimensionless parameters can be formed from the previous
quantities: Re = »,2r/», Reynolds number based on probe
diameter; Ap/r = (1/7)(ekT/e*n.)Y?, ratio of Debye length to
probe radius; ¢ = eV/kT, dimensionless probe potential with
respect to the ionized gas; M = v,/ (yRT)Y2, Mach number (B
is gas constant per unit mass); v = C,/C, ratio of gas spe-
cific heats; S¢ = »/D;, Schmidt number based on ion diffu-
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sion coefficient; D;/D. = ratio of ion and electron diffusion
coefficients; and T/T = dimensionless probe wall tempera-
ture. It follows that if we define a dimensionless probe cur-
rent 7,

1 = [Ir/en:D;(47r?)] (2)

then this dimensionless current must be a function only of the
eight dimensionless parameters listed above, i.e.,

i = i(Re, \o/r, ¢, M, v, 8¢, Di/D., T/T) 3)

We note that ¢ is simply the Nusselt number for mass trans-
fer, often called the Sherwood number, and denoted by Sk, in
the chemical literature. The object of a calibration is to
measure the dimensionless current ¢ at conditions where the
similarity parameters on which it depends have the same
values as in the environment where the probe is to be applied,
and, hopefully, by covering a sufficiently wide range of the
parameters, to infer from the resulis the functional relation-
ship for <.

In the general case, the function ¢ obviously contains too
many variables to yield readily to such an approach. For-
tunately, in many circumstances, several of the eight parame-
ters in Eq. (3) are either of secondary importance or essen-
tially invariant, e.g. S¢ ~ 1 for all gases. Furthermore, if
we confine our attention to the collection of ions at relatively
high negative probe potentials, the electron diffusion coeffi-
cient should not influence the problem significantly (D;/D, =
0). The parameter T'./T was also assumed to be of secon-
dary importance (its value in these experiments, where the
probes remained at essentially room temperature, was small).
The insensitivity of ¢ to T./T was confirmed by the experi-
ments. This is to be expected in conditions where the boun-
dary layer (i.e., the region in which the influence of the wall
temperature could be important) is thinner than the sheath.
This was the case in the present experiments, as will be dis-
cussed below. Finally, in a low subsonic flow the ion collec-
tion would also be insensitive to the Mach number and the
specific heat ratio, and the essential parameters would thus be
reduced to three in number, i.e.,

1 = 1(Re,\p/r,0) 4)

It is the functional form of this relationship that we sought
to establish experimentally. It should be pointed out, how-
ever, that although over the major portion of the wakes in the
ballistics range the flow was indeed subsonie, the calibration
experiments were performed in a shock tube where the Mach
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number M, seen by the probes, ranged from 1.1 to 1.4; i.e.,
it was essentially constant at a low supersonic value. How-
ever, based on existing analyses of supersonic blunt probes
(e.g., Refs. 8 and 9), it appears reasonable to assume that at
such modest Mach numbers, the flow dependence of the ion
collection is felt primarily through the Reynolds number
rather than the Mach number. The very smalil range of
Mach numbers available in the shock tube (behind the inci-
dent shock) prevented a direct check on this point. How-
ever, reflected shock measurements* did tend to confirm this;
and, in addition, a subsequent application of the calibration
in the ballistics range (see section 3), where the Mach number
ranged to very low subsonic values, yielded good agreement
with microwave measurements of electron density. Thus the
assumption of Mach number independence appears to be well
supported (at least to an accuracy of ==509%).

The calibration procedure in the shock tube was as follows.
For given flow conditions (Re,Ap/r) and the probe potential
¢, the probe current I and electron-ion number density n were
measured independently, as described in Sec. 2A, and 7 was
caleulated. The procedure was repeated for as wide a range
of flow conditions as possible, 5o as to map out the functional
form of Eq. (4).

The pressure, temperature, and flow velocity of the test gas
were calculated from normal shock-wave relations. The ion-
diffusion coefficient was estimated™ to be equal to 4.8 X
10737+%/p(T in °K and p in torr). A problem that was en-
countered was the determination of the potential of the
plasma, relative to which the probe potential was to be speci-
fied. 'The floating potential of the probes in the shock tube
(i.e., the potential where the net current was zero) was estab-
lished to be within about % v of the shock-tube ground. The
plasma potential is somewhat positive with respect to the
floating potential ®~# the difference being of the order k7/e
(0.2 t0 0.5 v in the shock-tube experiments), the precise value
depending on the particular flow conditions. All the voltages
referred to in this paper were measured with respect to the
shock-tube ground on the assumption that the difference be-
tween it and the plasma potential was small compared with
the applied voltage.

Some results from the calibration experiments are shown in
Figs. 4-7. Our approach was to try to infer from data of this
sort an analytic expression for ¢(Re,Ap/r,¢) that would satis-
factorily correlate all the data. Figure 4 shows typical data
of ¢ as function of Re for three values of probe potential, with
Ap/7 in the range 4 X 1072 to 9 X 102 for all points. Data
of this sort suggested that ¢ may be described by the form

i = f(¢,\p/r)(a + bReP) (5)

where f is an increasing function of ¢, and a, b, and 8 may de-
pend on Ap/r. Figure 5 shows measurements of 7 as a funec-
tion of ¢ at a fixed Re and Ap/r. This and similar datal’ sug-
gest that the potential dependence could be modeled in the
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Fig. 5 Dependence of i on probe potential ¢.
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form
F(@Np/r) = (—¢)atro/m (6)

where a is a function only of Ap/r. (¢,we note, is negative.)
a was determined from plots like the one shown in Fig. 5.
The results are shown in Fig. 6. The data points are fitted
with the analytic relation

@ = 1/[1 + 0.61In(1 + r/Ap)] @)

which was chosen so as to not only fit the data but to extrap-
olate to the expected theoretical limits o — 0 for Ap/r — 019
and e — 1 for Ap/r > 178 at the lower Reynolds numbers.
It was found that, to a good approximation, a, b, and 8 in
Eq. (5) could be regarded as independent of Ap/r and all the
results covering the range of parameters: 4 < Re < 104, 1072
< Ap/r <0.15, —10? < ¢ < —4, correlated with the relation:

1= (—¢)*(1.2 + 0.09Re!-%) 8)

Figure 7 shows Eq. (8) together with all the experimental
data plotted in the same form. Clearly, the correlation ap-
pears to be reasonably successful. The data fits with an
average scatter of about #509, and shows no systematic
deviation from the correlation curve.

C. Discussion and Comparison with Available Theory

Sinece no theoretical results are available for spherical probes
for the conditions of our experiments, a direct comparison of
Eq. (8) with theory cannot be made. It is interesting to
examine, however, whether ¥q. (8) reduces to the theoreti-
cally predicted forms when extrapolated to the limits for which
explicit solutions are available.

First, consider the limit of a static probe, Re — 0. The
theory of Su and Lam?'® for spherical probes yields 7 = 2 for
Ap/r — 0, and ¢ = (—¢) for A\p/r > 1 (for the latter limit,
see also Hoult”). Our correlation Eq. (8) reduces to ¢ =
1.2and ¢ = —1.2 ¢, respectively, in these limits. This agree-
ment is quite satisfactory, particularly since our data did not
extend to sufficiently low Reynolds numbers to warrant con-
fidence in an extrapolation to Re — 0, and, since in any prac-
tical situation the number density in the vicinity of a static
probe (and hence the current to it) will be depressed from the
ideal value because of diffusion to the probe supports.

An extrapolation of Kq. (8) to high Reynolds numbers, on
the other hand, does not yield agreement with the theories
available for the limits Ap/r — 0 and Ap/r > 1. Lam’s
laminar theory® for Re > 1 predicts ¢ ~ ReY? in the limit
Ap/r — 0, whereas Eq. (8) extrapolates to? = 0.09 Re'-?. For
Ap/r > 1, Sonin’s theory® predicts 1 ~ Re? for (—¢) <«
ReV? and ¢ =~ (—¢) for (—¢) > Re¥?, again in disagreement
with Eq. (8).

This disagreement is not surprising. Our correlation equa-~
tion is an approximate one that was chosen to fit as well as
possible all data obtained over the range of conditions of our
experiments (Fig. 1). The funetion ¢ of Eq. (8) is actually a
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very complex one at high Re, as evidenced by the wealth of
theories which the electrostatic probe problem has spawned,
and there is no reason to expect our approximate correlation
to apply outside the region where it was obtained. For ex-
ample, Lam’s theory® yields ¢ ~ ReY? only in the limit where
the electrostatic sheath is thin compared to both the boun-
dary-layer thickness and the probe radius; and Sonin’s
theory®is for the case of very large X p/r where the probe is un-
sheathed. In our experiments, on the other hand, the sheath
was large compared with the boundary-layer thickness, except
at low Re, and comparable, in fact, with the probe radius (but
not large compared with r). DeBoer et al.?0 have given an
approximate analysis for ion collection by a flat-plate probe
under conditions where the sheath is thick compared with the
boundary layer. Their result can be written in the form

© ~ (Ap/r)V3(— ) Ee*'* ©)

A quite similar result is obtained if their approach is ap-
plied to ion collection in the stagnation point region of a sphere
or a cylinder,'” with the assumption that the sheath is thick
compared with the boundary layer but thin compared with
the body radius. (The difference resides only in a constant,
which has, In any case, been omitted from the equation
quoted above.) The above equation does not agree well with
the present spherical probe experiments, where the sheath was
estimated to be not only thicker than the boundary layer, but
often comparable with the probe radius. Numerical com-
putations for flat probes with thick sheaths have also been
performed by Dukowicz.2! In a certain range of \p/r and
Re, Dukowicz correlates his computed results with a formula
which in our notation reads ¢ ~ (—¢)Y?ReV2. Dukowicz
also shows experimental data for slender conical probes which
he fits with the relation 1 ~ (—¢)?3Re-".

A point of interest is that in the limits Re >> 1 and Ap/r —
0, our correlation equation (8) implies that

I = 0.9env;(7r?) (10)

i.e., that the collected current is essentially equal to the flux of
ious “swept out”’ of the flow by the cross section of the probe.
Noting next that the flow velocity was close to the average
thermal speed v of the ions at our low supersonic. Mach
numbers, we see that the same equation can be rearranged to
yield

I = (enbu/4)(dmr?) (11)

One would, indeed, anticipate a relation like Eq. (10) for a
probe in a hypersonic, collision-free flow, and a relation such
as Eq. (11) for a probe in a stationary, collision-free plasma
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Fig. 8 Electrostatic probes in free-flight range.

That they both happen to be implied simultaneously by an
experimental correlation formula obtained at continuum flow
conditions (mean free path/probe radius from 1074 to 1077)
at high Re and M =~ 1 should not, necessarily, be taken to
mean that the mechanism of ion collection in continuum flows
is either the “sweeping out” of ions from the flow or their
arrival at the probe by simple random, collision-free flux.

Expressions of the type shown in Eqs. (10) and (11) have
been used?*2? to reduce electrostatic probe data in continuum
flowing plasmas when Ap/r < 1. In hypersonic wakes, how-
ever, the latter condition is not met and, in addition, v, is
generally much smaller than 7. The full calibration [Eq.
(8)] then has to be used. Our factor (—¢)* is, of course, re-
lated to the sheath size, which may be thought of as increasing
the collection area of the probes.

The following section describes work where the empirical
calibration formula, Eq. (8), was used to interpret spherical
probe data taken in the wakes of hypersonic projectiles. As
we shall see, good agreement was obtained with microwave
measurements over several orders of magnitude in electron
density (despite, we note, the difference in Mach number in
the two environments). This leaves us with some confidence
that our calibration technique is successful and accurate to
perhaps +=50%.

3. Application to Hypersonic Wakes

An array of twelve spherical electrostatic probes was in-

stalled in the AC-DRL ballistics range to map electron and-

ion density distributions behind hypervelocity projectiles (see
Fig. 8). The calibration of the previous section was then
used to caleculate ion density distributions in the wake from
the mean current collected by the ion probes. For purposes
of computation we set »/D; = 0.8 and rearranged Eq. (8) in
the form

I = (—¢)%en(4rr?)(1.2D;/r + 0.225v,) (12)
1
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Fig.9 Comparison of integrated ion density (electrostatic
probes) and integrated electron density (microwave probes).

ATAA JOURNAL

The profiles of temperature and wake velocity used were
those calculated by Wen,?* which are in essential agreement
with the measurements made at Canadian Armament Research
and Development Establishment (CARDE).25 The ion den-
sity radial profiles so obtained!”? were integrated over the
wake width to give a quantity we label n:D, (D, may be thought
of as an equivalent plasma “diameter””). These values of n:D,
are compared in Fig. 9 with the integrated electron density
n.Dp as measured with probes and resonatorsz 147 in nitrogen
wakes. The agreement is good considering that the wake is
turbulent and our knowledge of even its mean properties (such
as vy and T) is very imperfect.

4. Summary

The present work demonstrates that the continuum electro-
static probe is a useful instrument for making point measure-
ments of charge density in the wakes of hypervelocity projec-
tiles. The difficulty due to the lack of an accurate theory for
probe operation in the conditions of a typical ballistics range
was overcome by a calibration of spherical, ion-collecting
probes in a shock tube. From this calibration, an analytic
correlation formula [Eq. (8)] was obtained for the probe cur-
rent as a function of the appropriate similarity parameters
over a wide range of conditions. This empirical correlation
equation was used to interpret the readings of probes arranged
so as to intersect the wakes of hypersonic projectiles in the
ballistics range. Axial and radial profiles of charged particle
density were obtained. The results were in good agreement
with microwave measurements of integrated electron density.

Appendix: Calibration of Cylindrical Probes

Some results are presented here from a calibration of eylin-
drical;, ion-collecting probes oriented with their axes both
parallel and transverse to the flow velocity. The data cover
a fairly limited range of the similarity parameters that govern
probe response, and do not represent a complete calibration of
cylindrical probes. Nevertheless, it has some fundamental
interest, and is pertinent to applications in the ballistics
range.

The experiments were performed in the shock tube as de-
scribed in Sec. 2. Two cylindrical probe geometries were
employed. The probes aligned with the flow had a radius r
of 0.11 ram and length [ of 20 mm, while those oriented with
their axes perpendicular to the flow had a radius of 0.15 mm
and length of 2.0 mm, mounted on an aerodynamic sting and
cantilevered forward into the flow. The calibration is again
expressed in terms of a dimensionless probe current ¢ defined
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Fig. 10 Calibration of eylindrical probe perpendicular to
flow; r = 0.15 mm, I = 2.0 mm, \p/r = 0.22 %= 0.08, ¢ =
—40 = 15.
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as in Eq. (2) with (2nrl) replacing (47rr?). Proceeding as in
Sec. 2, it can be shown that fora cylindrical probe the
dimensionless current is primarily a funetion of four dimen-
sionless similarity parameters, Re, Ap/r, ¢, and l/r. Re is
the Reynolds number based on probe diameter, as in the case
of the spherical probes, and the fourth parameter I/r is the
probe’s aspect ratio.  'We note that if I/r > 1, ¢ is expected to
be independent of I/r for a probe perpendicular to the flow,
but not for a probe aligned with the flow. This is because
the boundary layer (and the sheath) scales with » for a per-
pendicular probe, but with ! for an aligned probe.

In our experiments, the Reynolds number was varied over
three orders of magnitude from about 1 to 10%. The depen-
dence of ¢ on Ap/r and ¢, however, was explored only qualita~
tively, since the measurements involved only two values of
each of these parameters for each probe orientation. The
aspect ratio I/r was kept fixed at 13.3 for the probes perpen-
dicular to the flow and 182 for the aligned probes.

Figures 10 and 11 show some results for the calibration of a
probe perpendicular to the flow direction, in the form of a plot
of 1 vs Re. We note that the indicated spread in Ap/r and
¢ (e.g., ¢ = —40 £ 15) does not represent an inaccuracy of
measurement, but merely reflects the grouping of experimental
data. Each set of data points has been fitted with a simple
relationship of the form ¢ ~ Ref. The data of Fig. 10 can be
fitted with an exponent 8 =~ 1, just as in the case of spherical
probes under similar conditions, whereas for the data of Fig.
11, where the sheath is thinner (in both cases the sheath is of
the order of the probe radius), a somewhat smaller exponent
B = 2 gives a better fit. As expected, the smaller sheath size
in Fig. 10 results in somewhat lower dimensionless current
than in Fig. 11 at the same Reynolds number.

Theoretical solutions for the dimensionless probe current
are available or can be derived by means of available tech-
niques only for certain limiting cases. Lam® deals with the
case of a thin laminar boundary layer in the limit Ap/r — 0
(sheath « boundary layer « probe size), where the ion collec-
tion is controlled by diffusion across the boundary layer and
is essentially independent of probe potential. For a cylindri-
cal probe perpendicular to the flow, such an analysis yields
1 ~ Re'2, while for a eylinder aligned with the flow, one ob-
tains approximately ¢ ~ (I/r) ~V2ReV?.

Our data (Figs. 10 and 11) do not agree with this theory,
presumably because in the experiments, the sheath was of the
order of the probe radius and thick compared with the boun-
dary layer, in violation of the assumptions in the theory.
For example, for the case with ¢ = —40 and Ap/r = 0.22, we
estimate that the sheath thickness is about one probe radius
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Fig. 11 Calibration of eylindrical probe perpendicular to
flow; r = 0.15 mm, I = 2.0 mam, A\p/r = 0.1 % 0.05, ¢ =
~12 £ 15.
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Fig.12 Calibration of eylindrical probe aligned with flow;
probe radius r = 0.11 mm, length I = 20 mm, I/r = 182,

at Re ~ 102, while for ¢ = —12 and \p/r = 0.1 (Fig. 11) it
is about 3 probe radius. The viscous boundary layer thick-
ness at the same Reynolds number is about 0.15 probe radius.

The results for the aligned probe (Fig. 12) however, do agree
better with the thin-sheath boundary layer theory. The
ReY? dependence is clearly there, although there is a signifi-
cant dependence also on both Ap/r and ¢, which would be
absent for a sufficiently small sheath. The reason for this
better agreement is presumably that the thickness of the
boundary layer for a probe aligned with the flow is approxi-
mately (I/r)Y? as much as for a perpendicular probe of the
same radius in the same flow. Thus, at Be ~ 102, for exam-
ple, the boundary layer is a few probe radii in thickness, while
typically in Fig. 12 the sheath thickness is about one probe
radius. The conditions are thus somewhat closer to those of
a diffusion controlled theory, although the sheath is by no
means thin enough for the theory to apply accurately.

We note that an approximate theory has been derived by
deBoer et al.? for a flat-plate probe in conditions where the
sheath is thick compared with the boundary layer, but thin
compared with the probe dimensions (boundary layer <«
sheath < probe size). We have extended their method of
solution to current collection in the stagnation region of
cylindrical probes oriented perpendicular to the flow, in order
to compare with the results of Figs. 10 and 11, where the
boundary layer is thinner than the sheath (although the
sheath is not small compared with the probe size, which is the
other major assumption in this theory). The agreement,
however, was quite poor.’” The theory!” is shown by the
dotted line in Figs. 10 and 11.

In conclusion, then, we have presented here an empirical
calibration of cylindrical electrostatic probes in a flowing en-
vironment, covering a limited range of the similarity parame-
ters that govern the probe response. No theory is available
for the range of conditions covered in our experiments, and we
have shown that an optimistic application of some existing
theory to our results could incur considerable error.
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